Exam Analysis on Manifolds
Wednesday, April 10, 2013, 14:00-17:00

This exam consists of three assignments. You get 10 points for free.
Using notes or books is not allowed.

Problem 1. If x = (2!, 2?) is a nonzero point in R?, then the straight line passing through
that point and the origin is the set {\(z!,2?) | A € R}. Denote this line by [z!, 2?]. The
set of all straight lines in R? through the origin is denoted by P! = {[z!, 2?] | (z!,2?) €
R2\ {(0,0)}}, and is called the real projective line. If [x', 2%] € P* then z!, 22 are called
homogeneous coordinates.

Note that if (z!,2%) = A(y',9?) then [z, 2?] = [y', y?]. However, if [z!, 2] is such that
! # 0, and [y',y?] = [z', 2?], then y' is also nonzero. Thus, denote with U; C P! the
subset of elements whose first homogeneous coordinate is nonzero. Similarly, U, C P! is
the subset whose second homogeneous coordinate is nonzero.

We define two continuous maps ¢;: Uy — R and ¢s9: Uy — R by

x? T
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(a) (5 points). Show that these maps do not depend on the homogeneous coordinates x!
and 22 of [z!, 2%); i.e., if [z}, 2] = [y}, ¥?] then o;([zt, 2%]) = w;i([y', y?]) for i = 1,2.
(b) (10 points). Show that the continuous maps ¢;: R — P! defined by

¢1(u) = [Lu]a wQ(u) = [u> 1]

are left- and right-inverses for ¢; and @9, respectively.
(c) (10 points.) Show that &/ = {(Uy, ¢1), (Us, p2)} is a smooth atlas for P!

Solution.
(a) If [z', 2% = [y, %?], then any element from the one is an element of the other. In
particular, (y!,4?) € [, %] which means (y',4?) = X(z!, 2?) for some ), and then
TV
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Similarly for ¢,. (Note that since y*,y? are homogeneous coordinates for [y', 3?],
they are not simultaneously zero, so that A\ also must be nonzero.)
(b) We calculate
e1(v1(u) = ([l u]) =

sl ) = (5

= U,

g

Similarly for .



(¢) Uy and Us cover P!, because [0, 0] ¢ P!, and since ¢; ' = 1; and both are continuous,
they are in fact homeomorphisms and therefore charts. Lastly, if [z*, 2%] € Uy N U,
then the transition map k: p1(U3 NUz) =R\ 0 — ¢o(U; NU,) is

(1) = 020 97" (1) = {1, u]) = .

which is clearly smooth (note that u cannot be zero). The same obviously holds for
the other transition map. Therefore this atlas is a smooth atlas.

Problem 2. (25 points.) Consider R? with coordinates (z,y, 2) and R? with coordinates
(0,0). Let g: R®? — R3 be given by g(6,p) = (cosycos,cospsinb,sing), and let
w = xydz € QY(R3). Calculate d(g*w) and g*(dw) separately, and verify that they are
equal.

Solution. We calculate

9" (W) = g*(aydz) = ((zy) o g) g*(dz) = (zog)(y o g)d(2 0 g)
= c0s ¢ cos ) cos psin @ d(sin ) = cos® p cos §sin 0 d,

d(g*w) = d(cos® ¢ cos fsin f dp) = %(Cos3 pcosfsinf)do A dp

= cos® p(cos? § — sin? 0) dO A de.
On the other hand

dw =2zdy Adz + ydx A dz,
g"(dw) = (zog)d(yog)A(zog)+ (yog)d(zog) A(z0og)

= COS ( COS 9% (cos psin ) cos o df A dp + cos psin 9%(008 pcosf)cospdd Adp

= cos® pcos? 0df A dp — cos® psin® 0dO A dp = g*(w).

10 points for each side.
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(the hat over dz’ in the i-th term means that it is not present in that term).
(a) (10 points.) Calculate dw.
(b) (10 points.) Show that

/ w > 0.
OB



(¢) (10 points.) Restricting w to OB yields an (n—1)-form w|sg. € Q" (9B"). Suppose
g: B" — 0B" is a smooth map from B" to its boundary. Show that

d(g*(w|315;n)) =0.

(d) (10 points). Restricting g to the boundary 0B"™ of B", we obtain a map g|gg- : OB" —
OB™. Show that g|gg~ is not the identity.

Solution.
(a) dw =ndz* A--- Ada™.
() [ognw = Jgodw =n [5, dz' A+ Adz™ = n Vol(B") > 0.
(¢) We know d(g*wl|spn) = g*(dw|spn), but then dw|gpn is is an n-form on an (n — 1)-
dimensional manifold. Therefore it is 0.
(d) Suppose that this restriction is the identity, then, using (b),

O</ w:/ id*w:/ g*w:/ d(g*w) =0,
oB™ OB™ OB n

a contradiction.



